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We propose and analyze a simple mesoscopic quantum heat engine that exhibits both high-power and high-
efficiency. The system consists of a biased Josephson junction coupled to two microwave cavities, with each
cavity coupled to a thermal bath. Resonant Cooper pair tunneling occurs with the exchange of photons between
cavities, and a temperature difference between the baths can naturally lead to a current against the voltage, and
hence work. As a consequence of the unique properties of Cooper-pair tunneling, the heat current is completely
separated from the charge current. This combined with the strong energy-selectivity of the process leads to an
extremely high efficiency.
PACS numbers: 85.80.Fi, 85.25.Cp, 42.50.Lc
Introduction. Quantum heat engines are devices that con-
vert heat into work which are described by the laws of quan-
tum mechanics. In addition to possible energy-harvesting and
refrigeration applications, these devices provide a testbed for
the study of thermodynamics in quantum systems.1,2 Several
proposals for thermoelectric heat engines have been put for-
ward including systems based on quantum dots3,4 and coher-
ent interferometers.5 Approaches using a heat source which
does not exchange particles with the conductor3,6–24 are at-
tractive, as they more easily allow the establishment of a ther-
mal gradient. Of these, proposals using microwave photons
to mediate the heat flux10,25,26 are particularly promising, as
they allow for a macroscopic spatial separation of hot and cold
reservoirs, and because of the rapid progress in relevant exper-
iments on hybrid cavity-conductor systems.27,28
In this work, we present a new kind of high-power and
high-efficiency mesoscopic heat engine which also makes use
of microwave photons. Unlike previous proposals, we use a
superconducting electronic system, consisting of a voltage-
biased Josephson junction coupled to two resonant cavities,
see Fig. 1. In spite of an extensive literature on the thermal
properties of hybrid superconducting-normal structures,29–33
superconductors have received relatively little attention as
building blocks for heat engines due to their particle-hole
symmetry. Only recently has the possibility of using a su-
perconducting contact to separate charge from heat current in
a thermoelectric engine been put forward.34
In our proposed engine, the work is provided by Cooper
pairs tunneling against a voltage bias while the heat current is
mediated by two cavities coupling to baths at different temper-
atures. The key ingredient in our proposal is the fact that the
Cooper pairs carry no entropy (and thus no heat) which allows
for a complete separation of the charge and heat currents. As
a consequence, the conversion of heat into work happens with
a high and universal efficiency beating the Curzon-Ahlborn
bound35 at maximum power. Although it is well known that
this bound does not constitute an exact bound,2,36,37 it never-
theless serves as a useful reference value. Furthermore, using
microwave cavities, the hot and the cold reservoir can be sepa-
rated by macroscopic distances in our proposal (e.g. they can
be located at the end of transmission lines), facilitating the
FIG. 1. Setup and sketch of the heat conversion process. (a) The heat
engine consists of a voltage biased Josephson junction coupled to two
cavities (frequencies Ωh > Ωc), each coupled via a transmission line
to their own thermal environment (temperatures Th and Tc, damping
rates κh and κc). (b) The bias voltage is chosen as 2eV = Ωh −
Ωc. If the occupation probability of the hot cavity (subscript h) is
higher than the occupation probability of the cold cavity (subscript
c), Cooper pairs tunnel against the bias annihilating a photon in the
hot and creating a photon in the cold cavity. Thus a heat current from
the hot to the cold cavity is converted into a supercurrent against the
voltage bias, providing work. Here N denotes the number of Cooper
pairs that have tunneled against the bias.
task of maintaining a heat gradient across the sample.
Before discussing our system in detail, it is worthwhile to
discuss how it differs from previous works. Although our pro-
posal relies on cavities with reasonably high zero-point phase
fluctuations, we note that in contrast to Ref. 26, no asymme-
try in the zero-point fluctuations is required. The direction of
current in our system is fully determined by the bias voltage
and the photon occupation numbers in the cavities. Similarly
to Ref. 25, we make use of microwave cavities to spatially
separate the thermal baths. However, in our proposal the heat
baths are not provided by the electronic contacts, thus allow-
ing for the complete separation of the heat flow from the elec-
tric current. In analogy to the energy selectivity of a Josephson
junction, previous works investigated the use of quantum dots
as energy filters to obtain an efficient conversion from heat
2Ωh/2pi Ωc/2pi κ/2pi EJ/2pi Th Tc λ I P η
13.5GHZ 3GHZ 0.06GHz 0.3GHz =1.24/2pi µeV 0.93K 0.06 K 0.36 23 pA 0.5 fW 77.8%
TABLE I. Realistic Parameters for operating the proposed heat engine. Here κ = κh = κc and λ = λh = λc.
to work.8,10 In contrast to our proposal, these works rely on
highly asymmetric tunneling rates and the efficiency at max-
imum power remains below the Curzon-Ahlborn bound. Fi-
nally, in Ref. 34 a superconducting terminal is used to separate
the heat from the charge current. However, the thermal baths
in this setup are provided by electronic leads and thus lack the
highly peaked spectral density of our proposal.
Setup and model. The two cavities involved in our pro-
posal have different frequencies Ωh > Ωc and are coupled to
baths at different temperatures such that their mean occupa-
tion numbers fulfill 〈nˆh〉 > 〈nˆc〉. Here and below the index
h (c) denotes the hot (cold) cavity. The heat baths are charac-
terized by an occupation number nαB = [exp( ΩαkBTα ) − 1]
−1
which depends on the cavity frequency Ωα and the bath tem-
perature Tα. Due to a voltage bias across the Josephson junc-
tion, a Cooper pair can cross the junction only by exchanging
energy with the photonic degrees of freedom. For a bias volt-
age of the form (~ = 1 throughout this paper)
2eV = kΩh − lΩc, (1)
where k and l are integers, a Cooper pair can tunnel against the
bias by absorbing k photons from the hot cavity and emitting
l photons to the cold cavity. This is the process by which the
proposed heat engine converts heat into work. The hot bath
provides the heat kΩh, carried by the absorbed photons, which
is converted into the work 2eV , represented by the energy gain
of the Cooper pair. The excess heat lΩc is dumped into the
cold bath and is carried by the emitted photons. The efficiency
of converting heat into work for a single Cooper pair tunneling
against the bias thus reads
η =
2eV
kΩh
= 1−
lΩc
kΩh
. (2)
As shown below, this coincides with the efficiency for a real-
istic heat engine obtained from a rigorous calculation. In the
above discussion, we neglected Cooper pairs tunneling with
the bias which provide negative work. These processes also
contribute a negative heat current (i.e. they are accompanied
by a heat flux from the cold to the hot cavity). Including them
reduces the net work and heat input by the same factor, leav-
ing the efficiency unchanged. The reason for the high and
universal efficiency we obtain is ultimately rooted in the sharp
energy-filtering feature of the Josephson junction.
While the efficiency in Eq. (2) is independent of tempera-
ture, the magnitude and sign of the current (or, equivalently,
the power) depends on temperature. As discussed below in
more detail, we only get a net positive work (i.e. net cur-
rent against the bias) if lΩc/(kΩh) > Tc/Th. This nec-
essarily implies that Eq. (2) is bounded by the Carnot effi-
ciency ηC = 1 − Tc/Th which can be reached in the limit
of vanishing output power [cf. Fig. 3 (b)]. In addition to these
high and universal efficiencies, our heat engine achieves pow-
ers which compare well with existing proposals using hybrid
microwave-cavities.25 The generation of a dc current here is
somewhat reminiscent of the well-known physics of Shapiro
steps.38,39 Unlike Shapiro steps, there is no mean ac voltage
driving the junction in our system: instead, the cavities only
drive the junction with a noisy, narrow-band voltage.
For a more quantitative description, we start from the
Hamiltonian40,41
Hˆ = Ωhaˆ
†
haˆh+Ωcaˆ
†
caˆc−EJ cos (2eV t+ 2ϕˆh + 2ϕˆc) , (3)
where the operator aˆα destroys a photon in the single-mode
cavity α with frequency Ωα. The phase of the Josephson
junction is driven both by an external voltage and the flux
ϕˆα = λα(aˆ
†
α + aˆα) associated with each cavity. The cou-
pling between the cavities and the Josephson junction depends
on the amplitude of the cavity zero-point phase fluctuations
λα =
√
pie2Zα/h with Zα being the impedance of cavity α.
The current operator for this system reads
Iˆ = −Ic sin
(
2eV t+ 2λh(aˆ
†
h + aˆh) + 2λc(aˆ
†
c + aˆc)
)
, (4)
with the critical current Ic = 2eEJ . Here a positive value
implies a current against the bias.
Including the coupling to the heat baths, the dynamics is
determined by the master equation
∂tρˆ = −i[Hˆ, ρˆ] + κh(n
h
B + 1)D[aˆh]ρˆ+ κhn
h
BD[aˆ
†
h]ρˆ
+ κc(n
c
B + 1)D[aˆc]ρˆ+ κhn
c
BD[aˆ
†
c]ρˆ,
(5)
where we definedD[Aˆ]ρˆ = AˆρˆAˆ†−{Aˆ†Aˆ, ρˆ}/2, κα denotes
the energy damping rate associated with the bath α, and ρˆ is
the density matrix of the system. Here we neglect voltage
fluctuations that stem from the low frequency environment41
and we assume both cavities to be overcoupled (i.e. we neglect
internal loss channels).
We next focus on a voltage that satisfies the resonance con-
dition of Eq. (1), and make a RWA on our Hamiltonian, re-
taining only the resonant tunneling term (involving exchange
of k hot photons and l cold photons)42
HˆRWA = −
EJ
2
(
i(l+k)(aˆ†c)
lAˆc(l)Aˆh(k)aˆ
k
h + h.c.
)
. (6)
Here we introduced the Hermitian operators
Aˆα(k) = (2λα)
ke−2λ
2
α
∞∑
nα=0
nα!
(nα + k)!
L(k)nα (4λ
2
α)|nα〉〈nα|,
(7)
with the generalized Laguerre polynomials L(k)n (x). The va-
lidity of the RWA is discussed in the supplemental material.42
3FIG. 2. Charge and heat currents for different ratios of κ/EJ
(κ = κh = κc). The charge current (solid, blue) is proportional to
the heat current (dashed, red). For fixed EJ , the current shows a non-
monotonic behavior as a function of κ. The toy model (dashed, blue)
captures the qualitative features of the current well. Here P (E) the-
ory (dotted, blue) was employed to fit the toy model at large κ/EJ .
The resulting analytic expression is in good quantitative agreement
with the numerical result. The dotted line at EJ = 5κ corresponds
to the performance analysis in the main text. Parameters: nhB = 1,
ncB = 0.1, λh = λc = 0.36, 2eV = Ωh −Ωc, E
′
J = 0.187EJ
.
The dc current is then computed using the RWA-form of the
current operator
Iˆdc = −
Ic
2i
(
i(l+k)(aˆ†c)
lAˆc(l)Aˆh(k)aˆ
k
h − h.c.
)
. (8)
We are interested in the power generated by the heat engine
and its efficiency. The power reads P = IV , where I =
〈Iˆdc〉 and the average is taken with respect to the steady-state
solution. In order to characterize the efficiency of the heat
engine, we need to calculate the heat that is injected by the
hot bath. To this end, we consider the time evolution of the
photon number in the hot cavity43
∂t〈nˆh〉 = −i〈[nˆh, HˆRWA]〉+ κh
(
nhB − 〈nˆh〉
)
. (9)
The first term corresponds to the coupling to the Josephson
junction while the second term corresponds to the photon flux
from the heat bath. Since the photons in the hot cavity have
a mean energy of Ωh, we identify the mean heat current pro-
vided by the hot bath with
Jh = Ωhκh
(
nhB − 〈nˆh〉
)
. (10)
In the steady state, the photon number remains constant and
Eq. (9) allows us to express the mean heat current in terms of
the mean charge current
Jh
kΩh
=
i
k
〈[nˆh, HˆRWA]〉 =
I
2e
. (11)
Eq. (11) implies that the heat current completely determines
the charge current and vice versa. This reflects the fact that
there is no uncertainty in the energy absorbed by a tunneling
Cooper pair: every tunneling Cooper pair absorbs exactly k
photons from the hot bath. This is in marked contrast to tun-
neling in normal junctions. Such a proportionality between
heat and charge current, also known as the strong coupling
regime, has previously been discussed as a requirement to
achieve high efficiencies.10,36,44,45 We note that at resonance
[i.e. for a voltage of the form given in Eq. (1)] the strong
coupling regime is always guaranteed in our system. Using
η = P/Jh, we immediately recover Eq. (2). Note that we
only made the RWA and assumed a steady state to obtain the
universal efficiency.
Heat engine performance. We focus on the case k = l = 1
where we expect the highest power for experimentally achiev-
able values of λα. In this case, every tunneling Cooper pair is
accompanied by the exchange of one photon from one cavity
to the other. For simplicity, we focus on a symmetric system
with κ = κh = κc and λ = λh = λc.
The charge and heat currents for this configuration are cal-
culated using QuTiP46 and plotted in Fig. 2 as a function of
κ/EJ . For small κ/EJ , the main effect of the Josephson junc-
tion is to equilibrate the two cavities. This implies
〈nˆh〉 = 〈nˆc〉 =
nhB + n
c
B
2
+O(κ/EJ ), (12)
which is reproduced numerically (not shown). Together with
Eqs. (10) and (11) this reproduces the linear behaviour of the
currents for small κ/EJ . In addition to this induced equi-
libration, the Hamiltonian in Eq. (6) also creates coherences
between the two cavities, which are an interesting subject of
study in their own right.47,48 After reaching a maximum, the
currents decrease as 1/κ at large κ/EJ . This can be antic-
ipated from perturbation theory (see below) and is a conse-
quence of the energy broadened density of states in the cavi-
ties.
Figure 3 illustrates the power and efficiency of the system
as a function of Ωh/Ωc [with V always tuned to the reso-
nant value in Eq. (1)]. In order to act as a heat engine, the
current needs to flow against the voltage bias. This is the
case for frequencies in the interval Ωh = [Ωc, ThΩc/Tc].
The power vanishes at both endpoints of this interval. At
Ωh = Ωc, the voltage vanishes. Since the heat can still flow
from the hot to the cold bath, the efficiency also vanishes. At
Ωh/Th = Ωc/Tc, the occupation numbers characterizing the
baths become equal nhB = ncB . In this case, tunneling with
the bias becomes equally probable to tunneling against the
bias and both the charge as well as the heat current vanish.
In this limit, the heat engine is operated reversibly and Carnot
efficiency is reached. We note that this voltage is equivalent
to the stopping voltage in other thermoelectric devices.
While the power thus shows a nonmonotonic behaviour as
a function of Ωh/Ωc, the efficiency increases monotonically.
The dotted vertical lines in Figs. 2 and 3 correspond to the re-
alistic parameters given in table I. For these values, the heat
engine produces a current of 23 pA and a power of 0.5 fW.
This power is a factor of five higher than the power predicted
in previous proposals using hybrid microwave-cavities.25 The
conversion of heat into work for these parameters happens
extremely efficiently with η = 77.8%, which is above the
4FIG. 3. Power and efficiency as a function of the voltage. (a) Power (solid, blue) and heat current (dashed, red), (b) efficiency as a function of
Ωh while keeping Th and Ωc constant. At Ωh = Ωc, the power and the efficiency vanish because the voltage vanishes. At the stopping voltage
Ωh/Th = Ωc/Tc (right end of plots), the charge and heat currents vanish and Carnot efficiency ηC = 1− TcTh is reached. The dashed vertical
lines correspond to maximal power. Note that at this point the efficiency is above the Curzon-Ahlborn bound ηCA = 1 −
√
Tc
Th
. The dotted
vertical lines at Ωh = 4.5Ωc, correspond to the performance analysis in the main text. Parameters: EJ = 5κ, Ωc = 50κ, kBTh = 325κ,
ncB = 0.1 (corresponds to kBTc = 21κ), λh = λc = 0.36.
Curzon-Ahlborn bound. Both the power and the efficiency
could be further increased by increasing Ωh.
The parameters in Table I were chosen as follows. First,
experimental realities constrain the maximum possible cavity
frequency; here, we take Ωh = 2pi · 13.5GHz. The validity
of the RWA requires EJ ≪ Ωc in order to be able to neglect
non-resonant processes; we thus take Ωc = 10EJ . Finally
the ratio Ωh/Ωc has to be chosen such that resonant processes
which involve a higher number of photons can be neglected
due to the smallness of the zero-point fluctuations λ. Both
resonant as well as non-resonant terms that are neglected in
the RWA are discussed in the supplemental material.42
We note in passing that our setup can also be operated as a
refrigerator. To this end, one has to chose the cavity frequen-
cies such that 〈nˆc〉 > 〈nˆh〉. A heat flux from the cold to the
hot reservoir is then induced by Cooper pairs tunneling with
the bias.
Toy model. To obtain a better analytic understanding, we
consider the limit of λα → 0. Surprisingly, this limit captures
the qualitative features of the heat engine even when higher
order terms quantitatively modify the results. Expanding the
Hamiltonian to lowest order in λα and focusing on the case of
single photon exchange (k = l = 1), we find
HˆT =
E′J
2
(
aˆ†caˆh + aˆ
†
haˆc
)
, (13)
IˆT = −ieE
′
J
(
aˆ†caˆh − aˆ
†
haˆc
)
, (14)
where E′J = 4λhλcEJ . This model effectively describes a
particle on a tilted potential where tunneling is accompanied
by the exchange of a photon [cf. Fig. 1 (b)]. In the following,
we treat E′J as a fitting parameter and refer to the last equa-
tions as the toy model.
From the master equation in Eq. (5) we find43
∂tIT = eE
′
J (〈nˆh〉 − 〈nˆc〉)−
κh + κc
2
IT , (15)
where IT = 〈IˆT 〉. Using Eq. (9) and an analogous equation
for the cold cavity occupation number we find in the steady
state (for κ = κh = κc)
IT = e
κ(E′J)
2
(
nhB − n
c
B
)
[κ2 + (E′J )
2]
. (16)
The last expression, together with the fact that the heat current
and the power are proportional to the charge current, provide
analytical solutions for our heat engine in the case of small
zero-point fluctuations λα. Even for larger values of λα, one
obtains a good fit for the κ-dependence of quantities by treat-
ing E′J as a fitting parameter, see Fig. 2.
In the limit of κ/E′J → 0, E′J drops out of the last equa-
tion and it agrees with the current calculated from Eqs. (10)
and (11) using Eq. (12). In this limit, the only effect of the
Josephson junction is the complete equilibration of the two
cavities, independent of other details. In the opposite limit
of κ/E′J → ∞, the toy model reproduces the 1/κ behaviour
qualitatively. To obtain the fitting parameter E′J in this limit,
we employ P (E) theory as described below.
P(E) Theory. The disagreement between the toy model and
numerics stems from neglected processes that arise at higher
order in λα. For large κ/EJ , these processes can be accounted
for by P (E)-theory.49 It expresses the current through a co-
herent conductor as the convolution between the tunneling
rate through the conductor with P (E), the probability for the
environment (the two cavities here) to exchange an energy E
with charge carriers. Here, dissipation due to thermal baths
can be accounted for through a standard input-output theory
as described in Ref. 50. Note that P (E)-theory is a perturba-
tive treatment in EJ and neglects effects that appear at higher
order inEJ/κ such as equilibration of the cavities. In the limit
κ/EJ ≫ 1 (but still κ ≪ Ωh,Ωc), the P (E) expression for
the current agrees with Eq. (16) with (here λ = λh = λc)
5(E′J )
2 = E2J16λ
4e−8λ
2(1+nh
B
+nc
B
)
∞∑
m,n=0
(4λ2nc
B
)m(4λ2(1+nc
B
))m(4λ2nh
B
)n(4λ2(1+nh
B
))n
m!(m+1)!n!(n+1)!(m+n+1) . (17)
The last expression retains the full λ-dependence of the one-
photon processes relevant to resonant Cooper-pair tunneling;
the complex summation reflects the interplay between zero-
point fluctuations and thermal noise in the cavities.50 Using
Eq. (16) with E′J from Eq. (17) yields a fully analytic approxi-
mation for the current which is in good quantitative agreement
with the numerical calculations (cf. Fig. 2).
Conclusions. We have proposed and analyzed a simple yet
high-power and high-efficiency mesoscopic quantum heat en-
gine. To the best of our knowledge, our proposal constitutes
the first thermoelectric heat engine where the heat current is
completely separated from the electronic degrees of freedom.
This is made possible by the use of a Josephson junction. The
sharp energy selectivity of Cooper-pair tunneling along with
the peaked spectral density of the cavities enables the con-
version from heat into work with efficiencies above 75% for
realistic system parameters. Our proposal is within reach of
current experimental capabilities, and will lead to a better un-
derstanding of energy conversion in hybrid mesoscopic struc-
tures.
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1Supplement: Quantum heat engine based on photon-assisted Cooper pair tunneling
In this supplement, we derive the Hamiltonian in the rotating wave approximation (RWA) and we discuss the justification
of this approximation. Throughout the supplement, equations, figures, and citations without the prefix ’S’ refer to the main
text.
I. DERIVING THE HAMILTONIAN IN THE RWA
We start from the Hamiltonian given in the main text [cf. Eq. (3)] and transform it into a rotating frame using the unitary
transformation Uˆ = exp
[
iaˆ†haˆhΩht+ iaˆ
†
caˆcΩct
]
HˆR = UˆHˆUˆ
† − iUˆ∂tUˆ
† = −
EJ
2
ei2eV t exp
[
2iλh
(
aˆ†he
iΩht + aˆhe
−iΩht
)]
exp
[
2iλc
(
aˆ†ce
iΩct + aˆce
−iΩct
)]
+ h.c. (S1)
We then expand the Hamiltonian using the expansion of the displacement operator
exp
[
2iλα
(
aˆ†αe
iΩαt + aˆαe
−iΩαt
)]
=
∞∑
k=0
ik(aˆ†α)
kAˆα(k)e
ikΩαt +
∞∑
k=1
ikAˆα(k)aˆ
k
αe
−ikΩαt, (S2)
where the operators Aˆ(k) are given in Eq. (7). Using the above equations, setting 2eV = kΩh − lΩc, and keeping only the
(time-independent) terms where k hot photons are exchanged with l cold photons, we recover Eq. (6) in the main text. Note that
this Hamiltonian is independent of the cavity frequencies.
II. JUSTIFYING THE RWA
The RWA employed in the last section only keeps the resonant term which involves the lowest number of photons. Non-
resonant as well as resonant terms which involve a higher number of photons are neglected.
All terms in the Hamiltonian which change the photon number in the hot cavity by k and in the cold cavity by−l fulfilling the
condition 2eV = ±(kΩh − lΩc) are resonant processes. As in the main text, we focus on a voltage tuned to 2eV = Ωh − Ωc.
The only term which is kept in the main text corresponds to the exchange of a single photon, i.e. k = ±1 and l = ±1. For
Ωh = 4.5Ωc, the next resonant term in terms of the number of photons involved corresponds to k = ±1 and l ± 8, i.e. one hot
cavity photon is exchanged with 8 cold cavity photons. The corresponding term in the Hamiltonian reads
Hˆ ′ = −
EJ
2
(
iaˆ†hAˆh(1)Aˆc(8)aˆ
8
c + h.c.
)
. (S3)
The current operator then obtains the additional term
Iˆ ′ = −
Ic
2i
(
iaˆ†hAˆh(1)Aˆc(8)aˆ
8
c − h.c.
)
. (S4)
Including these terms in the numerical calculation leads to changes in the current of the order of 10−5 pA. The above terms can
thus safely be neglected. This is due to the proportionality Aˆα(k) ∝ λkα which surpresses a process that involves nine photons by
a factor of λ9 ≈ 10−4. All other neglected resonant processes involve an even higher number of photons and are thus suppressed
even more.
For our choice of frequencies, the smallest detuning for any non-resonant term is Ωc/2. The term in the Hamiltonian involving
the smallest number of photons with this detuning corresponds to k = 0 and l = ±3. This process corresponds to a tunneling
Cooper pair which absorbs/emits three cold cavity photons. The detuning of this term is given by the mismatch in energy
2eV − 3Ωc = Ωc/2. The corresponding term in the Hamiltonian reads
HˆΩ(t) =
EJ
2
(
iAˆh(0)Aˆc(3)aˆ
3
ce
i
Ωc
2
t + h.c.
)
= Fˆ ei
Ωc
2
t + h.c. (S5)
An estimate of the importance of this term can be given by comparing the relevant matrix elements of Fˆ to the detuning Ωc/2.
We find √
〈Fˆ Fˆ † + Fˆ †Fˆ 〉
Ωc/2
≈ 0.0092, (S6)
where the expectation value is taken with respect to the RWA solution.
We conclude that only keeping the resonant term which involves the smallest number of photons is justified due to the large
detuning and/or the smallness of the matrix elements of the neglected terms.
